We reconsider the Bargmann-Dirichlet space on the complex plane C and its generalizations considered in [8] . Concretely, we first present a new characterization of such spaces as harmonic spaces of the magnetic Laplacian with suitable domains. Then, we elaborate an associated unitary integral transforms of Bargmann type.
Introduction and summarized results
The Bargmann transform is an integral transformation which intertwines the Schödinger representation and the complex wave (Fock-Bargmann) representation of the quantum harmonic oscillator. It plays an important role in the complex analysis and the phase space formulation of quantum mechanics. In the case where this harmonic oscillator corresponds to a charged particle moving in the plane R 2 under a orthogonal magnetic field − → B of intensity ν = 1, the Bargmann transform
maps isometrically the space L 2 (R, dx) on the Bargmann-Fock space A 2,1 (C) of the holomorphic functions integrable with respect to the Gaussian measure e −|z| 2 dλ(z).
Here, dλ(z) is the ordinary area measure. The inner product in A 2,1 (C) is inherited from L 2 (C, e −|z| 2 dλ(z)). The Bargmann-Fock space is a convenient setting for many problems in complex analysis, physics and engineering applications [10] . In [1] , the authors have linked the Bargmann-Fock space to the context of theoretical physics by proving that this space corresponds to states associated with a minimal energy. The schrödinger operator with uniform constant magnetic field − → B of intensity ν > 0 and perpendicular to the plane R 2 can be written as
acting on the Hilbert space L 2 (R 2 , dxdy). The spectral properties of this operator have been investigated extensively in many works [1, 3, 12] . Further, a more general class of such an operator in higher dimensional cases was discussed in [15, 16, 24] with connection to the stochastic oscillator integral. The Hamiltonian operator H ν , defined in (1.2), can be intertwined with the following magnetic Laplacian∆
acting on the Hilbert space L 2 (C, e −ν|z| 2 dλ(z)) via the connection formula
where T ν is the following unitary isomorphism The formula (1.4) connects in an equivalent way the spectral theory of the two operators H ν and∆ ν . From [1] , the spectrum of the self-adjoint hamiltonian H ν is reduced to eigenvalues and it is given by
The eigenspace associated with the lower energy ν 2 (the smallest eigenvalue) in the Schrödinger representation H ν ϕ = ν 2 ϕ corresponds to the eigenstate of the magnetic Laplacian (Laundau states)∆ ν associated with the eigenvalue 0 in the Bargmann representation∆ ν ψ = 0, ψ ∈ L 2 (C, e −ν|z| 2 dλ(z)).
(1.7)
In [2] , the authors proved that, for the intensity ν = 1, the harmonic space E 2,1 0 = {ψ ∈ L 2 (C, e −|z| 2 dλ(z)),∆ 1 ψ = 0} (1.8) coincides with the Bargmann-Fock space defined by In other words, the Bargmann transform maps, in an isometrical way, the Hilbert space L 2 (R, dx) to the harmonic space E 2,1 0 of the magnetic Laplace∆ 1 . For ν > 0, the present work will be devoted to an analogue case for the following Bargmann-Dirichlet space on the complex plane A 2,ν 1 (C) =: {f : C −→ C, holomorphic and C | f ′ (z) | 2 e −ν|z| 2 dλ(z) < +∞}, (1.10) where f ′ is the complex derivative of the function f . This space has been considered in [8] as a Hilbert space equipped with the following scalar product < f , g > ν, 1 = π ν f (0)g(0)+ < f ′ , g ′ > ν , (1.11) where <, > ν is the scalar product associated with the norm
defined on the Hilbert space L 2 (C, e −ν|z| 2 dλ(z)). The authors of the work [8] have showed that the Bargmann-Dirichlet space (A 2,ν 1 (C), <, > ν,1 ) is a reproducing kernel Hilbert space (R.K.H.S) and its reproducing kernel is given bỹ K(z, w) = π ν {1 + zw 2 F 2 (1, 1; 2, 2; νzw)}, (1.13) where 2 F 2 is the hypergeometric function defined by [14, p.62] 
(1. 14) We first prove that the Bargmann-Dirichlet space A 2,ν 1 (C) is the null space of the magnetic Laplacian ∆ ν with a suitable domain. Precisely, we have the following proposition. Proposition 1.1. Let ν > 0 and ∆ ν be the partial differential operator defined by
acting on the Hilbert space L 2,ν (C) := L 2 (C, e −ν|z| 2 dλ(z)) with the dense domain
Note that the operator ∆ ν defined by (1.15) and (1.16) is a non self-adjoint symmetric operator. This result connect the Bargmann-Dirichlet space to the context of quantum dynamics via a non self-adjoint operator. This fact goes in the sprit of the new vision on the role of the non self-adjoint operator in quantum physics. For more details about this subject, we refer to [4] and the references therein. Also, as for the classical Bargmann-Fock space, we elaborate a unitary isomorphism from L 2 (R, dx) into the Bargmann-Dirichlet space A 2,ν 1 (C). This isomorphism will be called, in the present work, the Bargmann-Dirichlet transform. More precisely, we have the following result. Theorem 1.1. For the Bargmann-Dirichlet space A 2,ν 1 (C), we have the following associated Bargmann-Dirichlet transform
where the integral kernel K ν (z, x) is given by
19)
with H 1 (x) = 2x denotes the second classical Hermite polynomial [14, p.250 ].
In the analogue way of the Bargmann-Dirichlet space A 2,ν 1 (C), we consider the following generalized Bargmann-Dirichlet space A 2,ν m (C), ν > 0, m ≥ 2, defined by 
where . ν is the norm defined on the Hilbert space L 2 (C, e −ν|z| 2 dλ(z)) by the formula (1.12) . It is noted that the hermitian inner product <, > ν,m associated with the norm . ν,m is given through
The reproducing kernel of the generalized Bargmann-Dirichlet space A 2,ν m (C) is given by the following expression [8] 
where 2 F 2 is the hypergeometric function defined in (1.14) . The generalized Bargmann-Dirichlet space A 2,ν m (C) could be connected with the context of quantum mechanics of a planar particle moving under the action of a uniform constant perpendicular magnetic field of intensity ν. Precisely, we have the following proposition Proposition 1.2. Let ν > 0, m ∈ Z + , m ≥ 2 and ∆ ν be the partial differential operator which reads as
Then, we have the following characterization
For this generalized Bargmann-Dirichlet space A 2,ν m (C), we establish the following generalized Bargmann-Dirichlet transform. Precisely, we have the following result. Theorem 1.2. Let ν > 0 and m ∈ Z + , m ≥ 2. Then, we have the following unitary isomorphism
The integral kernel K ν,m (z, x) takes the form
where H m (x) is the classical Hermite polynomial and ̟ m (t) is the function defined by
(1.30)
The notation f * g means the convolution product [22, p.91 ]
For m = 2, we can explicit the function ̟ m (t). Then, we have the following more precise result. Proposition 1.3. Let ν > 0 and m = 2. Then, we have the following unitary isomorphism
32)
where the integral kernel K ν,2 (z, x) is given by
(1.33)
is the confluent hypergeometric function and H 2 (y) = 4y 2 −2 is the third Hermite polynomial.
The paper is organized as follows. In section 2, we review some results on the spectral analysis of the Schrödinger operator with a uniform constant magnetic field on the complex plane C. Then, we characterize the Barmann-Dirichlet space as a harmonic space of a magnetic Laplacian with a suitable domain. We end this section by establishing an integral transformation that realizes an isometry between L 2 (R, dx) and the Bargmann-Dirichlet space A 2,ν 1 (C). Section 3 will be devoted to the generalized Bargmann-Dirichlet space A 2,ν m (C), m ≥ 2. In this section, we follow the same lines as in the section 2. The last section is reserved to concluding remarks. Let ν > 0 and L 2,ν (C) := L 2 (C, e −ν|z| 2 dλ(z)) is the Hilbert space of all square-integrable functions on C with respect to the Gaussian measure dµ ν (z) := e −ν|z| 2 dλ(z), where dλ(z) is the Lebesgue measure. The hermitian inner product is defined by
and the associated norm is given by
In the analogue way of the weighted Bergmann-Dirichlet space on the unit disk [7] , we consider the following functional space, called the Bargmann-Dirichlet space on C ( [8] ). Here, this space will be denoted A 2,ν 1 (C) and defined by
On the Bargmann-Dirichlet space A 2,ν 1 (C), we take the following norm
Notice that the hermitian inner product <, > ν,1 , associated with the norm . ν,1 , is given through
It is recalled that the monomials e j (z) = z j belong to A 2,ν 1 (C) ( [8] ). They are pairwise orthogonal with respect to the hermitian scalar product <, > ν,1 with
for j = 0,
where Γ is the classical Euler gamma function [14, p.1] . Then, an orthonormal basis for the space A 2,ν 1 (C) can be written as
It is well know that the Bargmann-Dirichlet space A 2,ν 1 (C) equipped with the above hermitian scalar product is a reproducing kernel Hilbert space [8] . The reproducing kernel is given by the Papadakis formula [19] K(z, w) = +∞ k=0 ψ j (z)ψ j (w).
(2.8)
According to [8] , this kernel has been given explicitly by the following formula 
It is noted that we have the following membership test [8] .
In order to relate the Bargmann-Dirichlet space A 2,ν 1 (C) with the Landau states on the complex plane, we need to recall the following magnetic Laplacian representing Shrödinger operator with a magnetic field having the magnitude ν > 0
acting on the Hilbert space L 2,ν (C) := L 2 (C, e −ν|z| 2 dλ(z)) with the maximal domain
Note that the operator∆ ν can be unitarily intertwined with the operator∆ 1 (ν = 1). Precisely, we have
where T ν is the following isometry defined by
From spectral theory point of view, the spectral tools of the operator∆ ν can be obtained from∆ 1 by using the relation (2.14). The n−dimensional analogue of the operator∆ 1 is given bỹ
which has been extensively studied in [1] . By exploiting the results given in [1] for the case n = 1, it is not hard to state for the operator∆ ν the following proposition.
Proposition 2.1. Let ν > 0 and let∆ ν be the operator defined by (2.12) and (2.13). Then, we have the following statements 1. The operator∆ ν is unbounded self-adjoint operator on its maximal domain D(∆ ν ).
2. The spectrum σ(∆ ν ) of the operator∆ ν is given by
3. For each ℓ ∈ Z + , the spectral value νℓ is an eigenvalue of the operator∆ ν and the corresponding eigenspace
where L j (x) is the classical Laguerre polynomial [14, p.239 ].
4. The operator∆ ν admits the following spectral decompositioñ
where the spectral family {E ν λ , λ ∈ R} is given by the following projectors
is the integer part of the real number λ.
Remark 2.1. In quantum dynamics, the operator∆ ν represents the Hamiltonian observable energy of a particle moving in the complex plane under the interaction of a uniform constant magnetic field with the magnitude ν.
The measure of this observable at a physical state ψ ∈ L 2,ν (C) ( ψ ν = 1) is given by means of the spectral family {E ν λ } λ∈R . Precisely, for two real values α < β, the quantity
is the probability for which the measure of the observable energy∆ ν at the state ψ to be in the interval ]α, β[. Recall that for a densely defined self-adjoint operator T acting on an abstract complex Hilbert space H, the spectral decomposition [23, p.89] can be written as
where {E λ } λ∈R is the associated unique spectral family. The spectral density
is understood as an operator-valued distribution [9] . This is an element of the space
with M is a smooth manifold and the operator T is a self-adjoint elliptic partial differential operator, the spectral density e λ = dE λ dλ has an associated Schwartz kernel e(λ, z, w) being an element of D
Note that it is not hard to see that the operator∆ ν defined by (2.12) and (2.13) is a self-adjoint elliptic operator [1] . Then, based on the formula (2.22) for the spectral projectors, we can prove the following result.
Proposition 2.2. The Schwartz kernel of the spectral density associated with the selfadjoint elliptic operator∆ ν is given by
where δ is the Dirac delta distribution.
Proof. By using the point (3) of the proposition (2.1), it is not hard to see that the orthogonal projector on the eigenspace E 2,ν ℓ (C) defined in (2.18) is the integral operator defined by
we can see that the spectral projector E ν λ defined in (2.21) can be rewritten as
Notice that the values λ ℓ = νℓ (ℓ ∈ Z + ) are the only discontinuity points of the vector valued function λ −→ E ν λ for which the corresponding jumps are given by
In addition, λ −→ E ν λ is constant on the interval ]λ ℓ , λ ℓ+1 [, for each ℓ ∈ Z + . Now, we are in position to give the following derivation formula of λ −→ E ν λ in the distribution sense. Namely, we have 
Note that the Schwartz kernel of the spectral density associated with a self adjoint elliptic operator T acting on a complex Hilbert space L 2 (M, dµ) can be used to build a functional calculus for the operator T [9] . Precisely, for a suitable Borelian function f ∈ B(R), we have the following formula
and σ(T ) is the spectrum of the operator T . The equations (2.33) and (2.34) are understood in the distribution sense with Gel'fand-Shilov notation [11] . As application of the proposition (2.2), we have the following corollary.
Corollary 2.1. 1. The distribution integral kernel associated with the heat propagator e −t∆ ν (heat semigroup) is given by
The distribution integral kernel associated with the Schrödinger propagator e −it∆ ν (dynamical group) is given by
Proof. According to the formulas (2.33) and (2.34), the distribution integral kernel associated with the Borelian function f t (λ) = e −λt is given by
The above series has also for t > 0 a pointwise sense. Indeed, it is a convergent series and its sum is given by the classical generating function for the Laguerre polynomials
Hence, the kernel K ν (t, z, w) can be also written as
Then, (1) is proved. Also, by using the formulas (2.33) and (2.34), we see that the distribution integral kernel associated with the Borelian function f t (λ) = e −iλt is given by
The above series is well defined as a distribution in D ′ (R t ). Indeed, by using the asymptotic formula for Laguerre polynomials [14, p.248 ]
where c and w are fixed positive constants, we obtain, for β = 0 and x = ν | z − w | 2 > 0, the following estimate
where M ν is a positive constant and k is enough large. This above inequality leads us to obtain for the general term of the involved series in (2.40), the following behavior 1 2 , B = 0 and m = 0. In the case z = w, the inequality (2.43) stay true with A = 0, B = 1 and m is any fixed integer (we have used the fact L k (0) = 1 ([14, p.240])). Then, according to [25, p.97] , the kernel G ν (t, z, w) is well defined as an element of D ′ (R t ). Hence, the point (2) is proved. This closes the proof of the corollary.
The ellipticity of the operator∆ ν assures that any eigenfunction of the operator∆ ν is of class C ∞ (see [13] for the general theory). Furthermore, the eigenstate ψ ∈ E 2,ν 0 (C) corresponding to the lower energy 0 involves a complex regularity. Precisely, we have the following proposition. 
Using the fact that L 0 (x) ≡ 1, we see that the eigenstate E 2,ν 0 (C) admits also the same reproducing kernel as the Bargmann-Fock space A 2,ν (C). Thus, using the proposition (3.3) in [19] , we get the desired result.
Here, the partial differential operator − ∂ 2 ∂z∂z + νz ∂ ∂z will plays an important role in the characterization of the Bargmann-Dirichlet space A 2,ν 1 (C) as harmonic space of a second order elliptic partial differential operator. Precisely, we have the following proposition Proposition 2.4. Let ν > 0 and let ∆ ν be the partial differential operator defined by
acting on the Hilbert space L 2,ν (C) := L 2 (C, e −ν|z| 2 dλ(z)) with the dense domain 
where Γ is the classical Euler Gamma function. Thus, the equation (2.53) becomes
(2.56)
The membership test given in (2.11) ensures that the last series is convergent. This with the inequality (2.56) imply that F is in L 2,ν (C). The holomorphicity of F proves that ∂F ∂z = 0. Then, we obtain
57)
Thus, one has F ∈ L 2,ν (C), ∂F ∂z ∈ L 2,ν (C) and ∆ ν F = 0. Hence, we get F ∈ {F ∈ D(∆ ν ), ∆ ν F = 0}. The proof of the proposition is closed.
Notice that the Bargmann-Fock space A 2,ν (C) defined in (2.45) is not stable by any derivative order ∂ m (.) ∂z m . Precisely, we have the following lemma. we have the following properties: we can see easily that the series in (2.58) is an entire series with infinite radius. Thus, the holomorphicity of ϕ ν follows. Applying the formula in (2.55) to the above function ϕ ν defined in (2.58), we obtain
Using the convergence of the last series, we assure that the function ϕ ν belongs to the Bargmann-Fock space A 2,ν (C). Now, using the second theorem of Weirstrass [6, p.115], on each compact disk D(0, R) = {z ∈ C, | z |≤ R}, R > 0, the complex derivative of order m ≥ 1 for the entire series ϕ ν (z) can be obtained by deriving term-by-term. Then, for each z ∈ C = ∪ R>0 D(0, R), we have
Also, by applying again the formula (2.55) to the above holomorphic series, we obtain
Using the fact that the general member of the last series is equivalent to the term does not belong to the Bargmann-Fock space A 2,ν (C) for all m ≥ 1. Now, we give some spectral properties for the operator ∆ ν defined by (2.48) and (2.49). Precisely, by using the same notations as in the proposition (2.4), we can state the following proposition. Proposition 2.5. We have the following properties:
1. The operator ∆ ν is closable and admits a self-adjoint extension.
2. The operator ∆ ν is an unbounded non self-adjoint operator. 3 . 0 belongs to the point spectrum of ∆ ν .
Proof. We return back to the self-adjoint operator∆ ν defined by (2.12) and (2.13) . It is easy to see that the operator∆ ν is an extension of the operator ∆ ν (see [23, p.4] for the general theory). We write this fact by
(2.63) Thus, (1) is proved. For proving (2), first we shall prove that D(∆ ν ) D(∆ ν ). To do so, we consider the holomorphic function ϕ ν (z) defined by (2.58) in lemma (2.1). By using the point 1 of the last lemma, we have ϕ ν is holomorphic and ϕ ν ∈ L 2 (C, e −ν|z| 2 dλ(z)). Then, ∂ϕ ν ∂z = 0 and so we obtain − ∂ 2 ϕ ν ∂z∂z +νz ∂ϕ ν ∂z = 0. Hence, ϕ ν belongs to the domain D(∆ ν ) defined in (2.13) . From the point 2 of the Lemma (2.1), we have ϕ ν := ∂ϕ ν ∂z L 2 (C, e −ν|z| 2 dλ(z)). This proves that ϕ ν D(∆ ν ) defined in (2.49). Hence, it is remarked that D(∆ ν ) D(∆ ν ). Now, if we suppose that ∆ ν is self-adjoint, we obtain from (2.63) and the proposition (1.6) in [23, p.9 ] that
Using (2.63) and (2.64), we get ∆ ν =∆ ν , which implies that D(∆ ν ) = D(∆ ν ). This contradicts the fact D(∆ ν ) D(∆ ν ). Thus, (2) is proved. The point (3) is just an other way to state the proposition (2.4). The proof is closed.
Remark 2.2. The operator ∆ ν is not closed.
Indeed, let us consider the following sequence of the holomorphic polynomials
It is easy to see that ϕ ν,k belongs to the domain D(∆ ν ) defined in (2.49). By using the formula (2.55), it is not hard to show that
66)
where ϕ ν is the function defined in (2.58). Thank's to the convergence of the series +∞ j=0 1 (j + 1)(j + 2)
, we see easily that the series appearing in (2.66) goes to zero as k −→ +∞. From the lemma (2.1), it has been shown that ∂ϕ ν ∂z does not belong to the Hilbert space L 2 (C, e −ν|z| 2 dλ(z)). This last fact implies that ϕ ν is not in the domain D(∆ ν ). Thus, we have
(2.67) Hence, the above tree properties assures that the operator ∆ ν is not closed.
Bargmann transform associated with the Bargmann-Dirichlet space
Now, we give a Bargmann transform associated with the Bargmann-Dirichlet space.
Theorem 2.1. For the Bargmann-Dirichlet space A 2,ν 1 (C), we have the following associated Bargmann-Dirichlet transform
69)
with H 1 (x) = 2x denote the second classical Hermite polynomial.
Proof. We will give our proof in two steps. In the first step, we consider the kernel function defined on C × R byK 
First, we have to compute the above kernelK ν (z, x). To do so, we rewrite the kernel K ν (z, x) in terms of the expression of ψ j (z) and ϕ j (x) as follows 
To compute the function T ν (z, x) , we need to permute the integral and the sum. To do so, we first recall the following asymptotic formula for the Hermite polynomials [21, p.112 , for k enough large.
(2.79) By using (2.78), we obtain for the last sum in the right hand side of (2.79) goes to zero when k goes to infinity, we can obtain, from the above inequality, the following estimate
where C 2 (x) is a positive constant and the convergence of the last series is assured by the Cauchy criterion.
Returning back to the inequality (2.79) and using (2.83), we get the following estimate
This last estimate combined with the fact +∞ 0 √ te −t dt < +∞, help us to use the Lebesgue dominate convergence theorem, for interchanging the sum and the integral given in (2.76) . Then, we obtain the following equality 
86)
for ℓ = 1 and s = ν 2 e −t z, we find
By using the fact Γ( 3 2 ) = √ π 2 ([18, p.311]), the above equation becomes
Finally, returning back to (2.72) and replacing the function T ν (z, x) by its expression given in (2.88), we get, for the kernel defined in (2.70), the following formulã
(2.89)
The aim of the second step is to prove that the integral transformatioñ
is an isometry operator. For this, we will prove that the functionK ν (z, .) belongs to L 2 (R, e −x 2 dx), for each fixed z ∈ C.
Recall that the functionK ν (z, x) was defined in the formula (2.70) bỹ
Then, by the use of the Parseval's formula for the Fourier series in a Hilbert space, we have
This proves thatK ν (z, .) ∈ L 2 (R, e −x 2 dx) for every fixed z ∈ C. For the kernel functioñ K ν , we define the integral transformB ν bỹ
93)
provided that the integral exists. Applying the Cauchy-Schwartz inequality to the first equality in the formula (2.93), we get
From the inequality given in (2.92), one can obtain the following estimate
95)
for all ϕ ∈ L 2 (R, e −x 2 dx) and z fixed in C. The inequality (2.95) traduces the continuity of the following linear functional
Note that it is quite easy to see that, for every nonnegative integer j ∈ Z + , we havẽ all z ∈ C. Indeed, by Cauchy-Schwarz inequality, we obtain
where we have used (2.92). Moreover, we have
.
(2.100)
This shows thatB ν is a well defined isometry from L 2 (R, e −x 2 dx) onto A 2,ν 1 (C). Finally, by considering the following isometry
101)
where T is the canonical isometry given by
102)
we give the desired result and then the proof of theorem (2.1) is complete.
Generalized Bargmann-Dirichlet spaces
In this section, we would like to associate a new class of Bargmann transforms to a class of generalized Bargmann-Dirichlet spaces A 2,ν m (C), ν > 0 and m ∈ Z + , called weighted Bargmann-Dirichlet spaces of order m. The functional spaces A 2,ν m (C) have been considered by Intissar et al. in [8] . In order to avoid any confusion, it should be noted that the spaces A 2,ν m (C) have been noted in the last reference by B 2,ν m (C).
Generalized Bargmann-Dirichlet spaces from magnetic Laplacian
To introduce the weighted Bargmann-Dirichlet space A 2,ν m (C) of order m, we need to fixe some notations. Let ν > 0 and L 2,ν (C) = L 2,ν (C, e −ν|z| 2 dλ(z)) is the Hilbert space of all square-integrable functions on C with respect to the Gaussian measure dµ ν (z) = e −ν|z| 2 dλ(z), where dλ(z) is the Lebesgue measure. The hermitian scalar product is defined by
The associated norm is given by
In the analogue way of the Bargmann-Dirichlet space A 2,ν 1 (C) dealt with in the last section, we consider here the following functional space A 2,ν m (C) defined by It is noted that the hermitian inner product <, > ν,m associated with the norm . ν,m is given through
2,m > ν . (3.6) Note that the monomials e j (z) = z j , j ∈ Z + belong to A 2,ν m (C) [8] , and they are pairwise orthogonal with respect to the hermitian scalar product <, > ν,m with
Then, an orthonormal basis for the space A 2,ν m (C) can be given by:
(3.8)
According to [8] , it is proved that the generalized Bargmann-Dirichlet space A 2,ν m (C) is a reproducing kernel Hilbert space. Concretely, the reproducing kernel for the space A 2,ν m (C) has been given explicitly by the following formulã
where 2 F 2 is the hypergeometric function defined in (2.10).
For a holomorphic function f (z) = +∞ j=0 a j z j , we have the following membership test
As in the case of the space A 2,ν 1 (C), we relate the generalized Bargmann-Dirichlet space A 2,ν m (C) to the magnetic Laplacian on the complex plane. Precisely, we have the following proposition.
Proposition 3.1. Let ν > 0, m ∈ Z + , m ≥ 2 and let ∆ ν be the partial differential operator defined by
Then, we have
,ν (C) and (iii) ∆ ν F = 0. By the proposition (2.3), we see that the both conditions (i) and (ii) imply that F is holomorphic. Combining this property with the fact that ∂ m F ∂z m ∈ L 2,ν (C), we show that F belongs to the generalized Bargmann-Dirichlet space A 2,ν m (C).
Conversely, let F(z) = +∞ k=0 a k z k be a holomorphic function on C such that C | F (m) (z) | 2 e −ν|z| 2 dλ(z) < +∞. By the holomorphicity of F, we have ∂F ∂z = 0, then we obtain
For proving that F is in the kernel of the operator ∆ ν defined by (3.11) and (3.12) , we should to show that F ∈ L 2,ν (C). It is not hard to see that we have the following inequality
Using the membership test (3.10) with the fact
given in (2.55), we obtain from the above inequality that F belongs to the Hilbert space L 2,ν (C). Thus, one has F ∈ {F ∈ D m (∆ ν ), ∆ ν F = 0}. Hence, we have proved that
In the same way as in the proposition (2.5), we can state the following result.
Proposition 3.2. We have the following properties:
1. The operator ∆ ν acting in D m (∆ ν ) is closable and admits a self-adjoint extension.
2. The operator ∆ ν with the domain D m (∆ ν ) is an unbounded non self-adjoint operator.
3. 0 belongs to the point spectrum of ∆ ν considered on the domain D m (∆ ν ).
Proof. The proof is the same as for the proposition (2.5) and can be omitted.
Bargmann transform associated with generalized Bargmann-Dirichlet spaces
To the generalized Bargmann-Dirichlet space A 2,ν m (C), we shall associate a Bargmann transform. Precisely, we have the following theorem Theorem 3.1. Let ν and m ∈ Z + , m ≥ 2. Then, we have the following unitary isomorphism
The integral kernel K ν,m (z, x) is given by (3.19) where H m (x) is the Hermite polynomials and ̟ m (t) is the function defined by
(3.20)
The notation f * g means the following convolution product [22, p.91 ]
Before giving the proof of the theorem, we will state the following more precise result for m = 2. Concretely, we have the following proposition Proposition 3.3. Let ν > 0 and m = 2. Then, we have the following unitary isomorphism
22)
(3.23)
is the confluent hypergeometric function and H 2 (y) = 4y 2 − 2.
In order to prove the above theorem, we need some auxiliary results. Precisely, with the help of the notations given in theorem (3.1), we have the following lemma. It is worth noting that the convergence of the last series is assured by the Cauchy convergence criterion. Thanks to the point (1) of the lemma (3.1), we have the integrability of the function ̟ m (t) over the set (0, +∞). Then, by using the Lebesgue dominate convergence theorem, we can interchange the sum and the integral in (3.39 
The following estimate holds
Finally, the equation (3.38) takes the form
(3.50)
Now, we will prove that the integral transformatioñ
is an isometry operator. To do so, we prove that the functionK ν,m (z, .) belongs to L 2 (R, e −x 2 dx) for each fixed z ∈ C. for every z ∈ C, provided that the integral exists. It is noted that it is quite easy to see that for every nonnegative integer j ∈ Z + , we haveB ν,m [ϕ j ](z) = ψ m j (z). we give the desired result and then the proof of theorem (3.1) is completed.
Proof of the proposition (3.1). After a direct application of the theorem (3.1), it remains just to give an explicit formula for the function ̟ m (t), defined in (3.20) , in the case when m = 2. For this, we proceed as follows. Explicitly, we have 
Conclusion and open questions
In this paper, we have reconsidered the study of the Bargmann-Dirichlet space on the complex plane C and its generalizations considered in [8] . In particular, we have given a new characterization of such spaces as harmonic spaces of the magnetic Laplacian with suitable domains. Then, we have elaborated the associated unitary integral transforms of Bargmann type. The present work comes up with many open questions. In particular, it will be intersecting to make contact with quantum dynamic activities on such non trivial spaces in the presence of magnetic sources. Precisely, it would be of interest to bring a physical interpretation of states belonging to the studied spaces. Such questions could be addressed elsewhere.
